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CALIBRATION COEFFICIENT OF A HEAT FLOW DSC
Part I11. Electromotive force of a thermocouple as a function of temperature
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Thermodynamic model for the quantitative description of the electromotive force in a thermocouple has been developed. Thermo-
dynamic equilibrium was applied to the system of electrons in two metals in a contact, contrary to the consideration of the dynamics
of electrons in a metal under external temperature gradient in the previous classical (Drude) and quantum (Sommerfeld) approaches.

The new model has two parameters, the ‘universal’ sensitivity €, and the characteristic temperature of a particular thermocou-
ple ®y, and quite simple expression for the emf AU=¢((7-OvIn(1+7/Oy) and sensitivity &(7)=go7/(Ov+T). The model is shown to fit

the experimental data very well at low temperatures. At high temperatures, the model is less accurate.
The characteristic temperature @y depends on the difference between the electron heat capacity coefficients y,—y, of two met-
als in the thermocouple. The greater the difference, the higher the sensitivity of the thermocouple.
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Introduction

In the previous report on the theory of sensitivity cali-
bration of DSC, it was shown that the calibration co-
efficient £(7) of a sensor depends on two phenomena,
(1) heat transfer between crucible and surroundings
and (2) the electromotive force (emf) of a thermocou-
ple which the sensor is made of. Analysis of the heat
transfer has allowed us to reveal the functional rela-
tion between the calibration coefficient and tempera-
ture, with thermophysical parameters of a DSC cell as
coefficients [1]:
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where S; is the area of a contact between a crucible
and sensor, S, is the area of the crucible exposed to
the radiation, A is the coefficient of heat conductivity,
[ is the distance between a heat source and a sample
holder, ¢ is the emissivity of the substance which the
crucible is made of, o is the Stefan’s constant, and
g(T) is the sensitivity of a thermocouple, the deriva-
tive of the emf with respect to temperature. The rela-
tionship (1) was used for the development of the opti-
mal calibration procedure [2]. The emf is usually
borrowed from the tables or calculated after polyno-
mials of a high order (up to 14).

Electromotive force of a thermocouple as a func-
tion of temperature was derived by Drude (1900)
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from the theory of an electron gas in a metal. The the-
ory predicted the constant value for the sensitivity of
a thermocouple
kB
E=— 2
5 ()
which is evidently incorrect. Here, kg is the Boltzmann
constant and e is the elementary charge. Improvement
of the Drude theory by using the Fermi—Dirac distribu-
tion function results in the equation
2 k 2
g(r)="_"o
6 el

T 3)

where Er is the Fermi energy. The equation has two
disadvantages. First, it predicts that &(7) is a linear
function of temperature. This is, in fact, not true. Sec-
ond, the values of ¢(7) calculated after the equation
turned out to be too small as compared with experi-
mental data. These two models of the emf are de-
scribed in detail in [3].

After the analysis of the evaluations yielding the
linear regression between the sensitivity of a thermo-
couple and temperature in the quantum model, we
concluded that this is the direct result of the
Sommerfeld expansion (Appendix). The expansion
yields the energy of electrons in a form of a polyno-
mial with even exponents of temperature: 7°, T%,
T°, etc. As g(7) is the derivative of the emf with re-
spect to temperature, it is the polynomial with odd ex-
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ponents: 7, T3, T3, etc. In the final Eq. (3), only the
first term with 7'is used and the rest are omitted. Both
models, of Drude and Sommerfeld, consider the dy-
namics of electrons, their movement under external
temperature gradient. Thermodynamics was not
involved in those considerations.

The objective of this work was to develop alterna-
tive, thermodynamic, way for the evaluation of the emf
and to create a more adequate theory for the qauntitative
description of the electromotive force. This allows us to
use a more realistic equation for the sensitivity of a ther-
mocouple g(7). Together with the recent relationship be-
tween &(7) and k(7), this forms the complete theoretical
background for calorimetric measurements by using a
heat-flow sensor made of a thermocouple.

The model
Quantum effects in the system of electrons in a metal

The distribution of electrons over the energy levels in
a metal obeys the Fermi—Dirac statistics:

SE) =t )

kT
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where £ is the energy of an electron, p is the chemical
potential, kg is the Boltzmann constant and 7 is the
temperature. The chemical potential of the electrons
in a metal is equal to the Fermi energy (Ey). The value
of Eris different for different metals, and is typically
greater than 10* K (81600 K for Cu, 63800 K for Ag,
64200 K for Au, 130000 K for Fe, 110000 K for Zn,
136000 K for Al etc.). To calculate the parameters of
electrons in a metal, one should use the distribution
function (4) together with the function of density of
states p(£), which describes how many energy levels
of electrons there are in the interval of energy

dN(E)=p(E)dE )

The number of electrons in the same energy in-
terval is

dAME)=p(E)E)JE (6)
Any parameter of the electronic system is calcu-

lated using product p(E)AE). For example, average
energy is

< E>= [ Ep(E)f (EXE ™

Rigorous analytical integration for such an ex-
pression is impossible. To proceed the evaluation,
Sommerfeld expansion is used. In application to the
emf as a function of temperature, it yields a polynomial
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The evaluation is described in more detail in the
Appendix.

Our approach to the evaluations with the
Fermi—Dirac distribution

Distribution function (4) is not only the function of
energy, but also of temperature. To indicate it clearly,
we will denote it by A E,T). At extremely low tempera-
tures (7—0), the exponent in the denominator of the
distribution function f{F,T) changes drastically only
in the nearest vicinity of Ey, with the large negative
value for E—-FE<0 and large positive for E—E#>0. In
this case, electron states with £<Efare completely oc-
cupied and those with E>E; are completely vacant.
The distribution function becomes a step function:

, E-E, <0

10
0, E-E;>0 (10)

f(E,0)={

Figure 1 shows this distribution function. The
step diffuses when temperature increases, and partly
occupied states appear in the vicinity of Er. The less the
temperature, the narrower the vicinity. If we investi-
gate the changes in parameter F' of the electronic sys-
tem with temperature, we can consider the difference

<F,>-<F, >:TF(E)p(E)f(E,T)dE7

[ F(EY(E)/ (E0)ME = (11)
= [ F(EWE)f (ET)~ f(EO)KE
1
<— T=0
Ej
T=0 —>
T=0
Y
0
0 E; E

Fig. 1 Fermi—Dirac distribution function at a finite and zero
temperature
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Parameter F' is considered to be a function of E.
Otherwise, it is a constant and factored out from the
integrand:

< F>= T Fp(E)f(E,T)E =
0 (12)
:Fj p(E)f(E,T)dE = F -const

The integrand in Eq. (11) differs from zero only in
the vicinity of £y, where AE,T) and f{£,0) differ signifi-
cantly from one another. The greatest difference
(of 0.5) is at E=F; It decreases twenty times for
E-E=3kgT. Even for room temperature (300 K), such a
difference is only 1/50 of Ef for most metals. Model
function of p(£) is usually considered to be propor-
tional to the square root of energy, and p(E¢+3kgT) dif-
fers from p(E¢-3kgT) by 2%. Thus, p(E) can be consid-
ered constant and factored out from the integrand.

We can apply this to the calculation of the num-
ber of electrons (N") with E>E;. Only those electrons
are involved in the electric processes in a metal. Ac-
cording to Eq. (11)

Ny =N, +jp(E)[f(E,T)ff(E,0)]dE (13)

where N, =f(E,0)=0, for all energy levels with E>E¢
are vacant at 7=0 according to Eq. (10). Again, p(E) is
factored out from the integrand as p(Ey). Denoting the
difference E-E=E", we calculate the number of elec-
trons with energy exceeding the Fermi energy:

. T dET
N, :p(Ef)J.T:

0
™ 41

(14)
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The integrand becomes simpler after the substi-
tution ¢ = e* ™" dr=td(E"/kgT):

N T ode
N =p(E )k, T| —=
T =p(E; kg J:t(t+1)
Tdr dt
=p(E kT [ = ——— = (15)
Lt t+l

©

=p(E; )kBTln(l +1t71 J =p(E; kT In2

1

Thus, the number of the electrons involved in the
electric processes, including the electromotive force,
is proportional to temperature.
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Constructing the Gibbs function

At the contact between two metals, the electrons flow
readily through the boundary between them. If the met-
als differ in the Fermi energy (the chemical potential of
electrons), the electrons of the metal with higher poten-
tial have to move to the metal with lower potential, de-
creasing the difference and changing simultaneously
the total electric charge of each metal in the pair. One
metal is charged with positive electricity and the other
with equivalent negative. Electrostatic energy contrib-
utes to the total energy of electron system of a metal.
Chemical potential of electrons is the total Gibbs en-
ergy of electron system divided by the number of elec-
trons. Conventional difference in Gibbs energy with
electrostatic contribution between two metals is

AG=AH-TAS+AUAq (16)

where AH is the difference in enthalpy, AS is the differ-
ence in entropy, AU is the electrostatic voltage between
two metals, and Aq is the difference in electric charge
that produces the voltage. By definition, enthalpy is

H=|C.dT (17)

where C. is the heat capacity of the electron system in
a metal. At low temperatures, the heat capacity of
electrons in a metal is proportional to temperature:

C=T (18)
Enthalpy of the electron system in metal ‘1’ is
H=1/2y,T* (19)

The difference in enthalpy between two metals is
AH=1/2(y1=y2)T* (20)

Entropy of a system is derived from the total
number of the states w according to

S=kplnw 1)

The number of the states in the system of N elec-
trons is equal to the number of permutations

w=N! (22)

Applying Stirling’s formula, we have the en-
tropy of the system of N electrons:

S=kp(NInN-N+1/2In(27tN)) (23)

Part of electrons passes from one metal into the
other at temperature 7. The number of electrons
passed (AN) is evidently a fraction of those with the
energy exceeding the Fermi energy:

AN=a.T (24)

After that, the number of electrons in one metal
increases by a7 and decreases in the other one by the
same number. Instead of N in formula (23) one should
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use N+aT for one metal and N—aT for the other. Now,
the difference in entropy between two metals is

AS=kp[(N+a.DIn(N+o.T)~(N+o T)+1/2In(2m)+
+1/2In(N+o T) ]~k [(N-a T)In(N-a.T)—
(N=a.T)+1/2In(2m)+1/2In(N-a.T)]=

N +aT
—al

=kB[Nln +ocT1n(N2—oc2T2)j—
(25)

—kB(zaT—l/zln N“"TJ

N —aTl

The increase in the number of electrons in one
metal by a7 and equal decrease in the other metal re-
sult in the difference in electric charge

Ag=2eaT

where e is the charge of an electron.

(26)

Evaluating the emf

In equilibrium, the difference in the Gibbs energy be-
tween two metals is equal to zero:

AG=AH-TAS+AUAG=0 (27)

This allows us to deduce the formula for the
electrostatic voltage between two metals:

AU YI y2 T
4ea
_ R N VT (N — 02Ty |- (28)
2eq N —aTl
&

N —aTl

B | 20T —1/21n
2eq

N+och

The formula is too complicated for the analysis.
We can simplify it for the case of low temperatures
and small changes in the electric charge. For

al<<N (29)
one can use approximation
In(NtaT)!=NIn(N+ta.T) (30)

instead of complete Stirling’s formula. Now the ex-
pression for entropy becomes more simple

AS =k, NIn(N +al)—kzNin(N —aTl)=

(31)
N+aTzkﬂW(#+&ﬂJ
N —ol N

= ky NIn

The formula for the emf:

AU =T " Yap K g 20T g
4ea 2eq. N
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Let us introduce a new parameter

0, = (33)
200

in the units of temperature. Formula (32) is arranged

now
av=YimTep R e T e
4deo e Q]

v

There is a relationship between the factors of two
terms on the right-hand side of the equation. This can
be derived from the sensitivity of a thermocouple as
follows:

dAU _e(T) = V-V, ky Oy
e O, +T

35
dT dea (33)

At zero temperature (7=0), there are no electrons
with the energy greater than the Fermi energy in met-
als, no electrons to pass from one metal into the other.
Both emf and the sensitivity are equal to zero. Con-

sidering £(0)=0 in Eq. (35), we have
Y KR Y 2 _ ka = 0 (3 6)
4ea e

The final equation for the emf of a thermocouple is

T
y 1n(1+®vﬂ (37)

This is for a thermocouple with a working junc-
tion at temperature 7" and reference junction at zero
temperature (0 K). The sensitivity of the thermocou-
ple is the nonlinear function of temperature:

T
O, +T

AU(T):a{T

e(T)=¢, (38)

Equation (38) is to be used in Eq. (1) for the cali-
bration coefficient of a DSC.

Analysis of the functional relations

Only two parameters are there in Eqs (37) and (38), &
and @y. The first parameter is the ratio of two funda-
mental constants, Boltzmann constant and elementary
charge. Such a value can be considered a special con-
stant with the particular physical meaning. It can be seen
from Eq. (38) that the sensitivity of a thermocouple is al-
ways less than gy, but approaches asymptotically that
value in the limit of infinitely high tempera-
ture (7' — o):

£y = (39)

J. Therm. Anal. Cal., 90, 2007



CALIBRATION COEFFICIENT OF A HEAT-FLOW DSC

One can consider g, the highest limit for the sen-
sitivity of thermocouples. At least, we do not know
thermocouples with the sensitivity &(7) exceeding the
value of 86.17 uV K. Thus, the first parameter of the
model characterizes the electromotive force phenom-
ena in general, not a particular thermocouple.

The second parameter of the model, ®y, charac-
terizes the pair of the metals in a thermocouple. It is
evident from the way how it was introduced in
Eq. (33). This is the result of the division of the num-
ber of electrons in the metal by coefficient 2a. In turn,
from Eq. (36)

Yi—72
200 =——— 40
ok, (40)

A rough estimate of ®y can be derived from the
combination of Eqs (33) and (40):

_ 2kyN
Yi—=72

0, (41)

Considering the number of free electrons in a metal
close to the number of atoms, we can use the Avogadro
number N,. The formula for the estimation becomes

0, - 2R

Yi=72
where R=kgNV, is the gas constant, 8.314 J mol™! K.
The electronic heat capacity coefficient y is different
for different metals, but wusually less than
10 mJ mol™!' K. For example, y=3.4, 9.4, 2.4, 3.3 and
6.55 mJ mol' K7 for Rh, Pd, Os, Ir and Pt, respec-
tively [4]. For other pure metals, the values are simi-
lar [5]. For alloys, the electronic heat capacity coeffi-
cient depends nonlinearly on the ratio of components,
with a sharp increase in the narrow limits of composi-
tion. For UPts ,Au,, y increases from 100 mJ mol ' K
at x=0 up to 700 mJ mol' K at x=1 and then de-
creases again down to 100 mJ mol™" K at x=2 [6].
The value of 700 mJ mol™' K2 seems extremely large
compared with the values for pure metals, but the
comparison is not quite correct. Mole of a pure metal
contains N, atoms, but the mole of UPts_,Au, contains
6Ny (six atoms per ‘molecule’). Corrected for the
number of atoms, the values of y are 16, 116,
and 16 mJ mol™" K for x=0, 1 and 2, respectively.
For Lu(Coy 4Siy),, v increases from 24 mJ mol ™' K at
x=0 up to 39 mJ mol”' K2 at x=0.1 and then decreases
again [7]. Here, one should divide the y values by 3 at-
oms per molecule. Electronic heat capacity of alloys
is greater than those of pure metals, and the alloys are
among the most popular materials for thermocouples:
constantan (60% Cut+40% Ni for type J and
55% Cu+45% Ni for type T), chromel (90% Ni+
10% Cr), alumel (95% Ni+2.5% Mn+2% Al+
0.5% Co), nicrosil (84.4% Ni+14.2% Cr+1.4% Si),

(42)
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nisil (95.5% Ni+4.4% Si+0.1% Mg). Taking y—y,=
0.1 J mol™' K% in Eq. (42), as it is for UPts  Auy, we
obtain ®y=166 K. Here we do not specify the second
metal of the thermocouple, because it may be any
pure metal with y<10 mJ mol™' K. ©,=166 K is the
lowest estimate. For Pt-Rh thermocouple with
Ype—Yrn=3.15 mJ mol' K2, the estimate for ©y
is 5300 K.

Characteristic temperature ®y defines the tem-
perature range in which the thermocouple works. If
Oy is small, the sensitivity increases rapidly with tem-
perature, becoming close to the limiting value of g
right near room temperature, and the thermocouple
can be used at low temperatures. If Oy is large, the
sensitivity increases slowly and it is better to use the
thermocouple only at high temperatures.

Testing the equations for AU(T) and ¢(7)

The emf was carefully investigated quantitatively
many years ago for many types of thermocouples
widely used in practice today. For example, the emf of
thermocouple Pt:(Pt—Rh) was investigated as a func-
tion of temperature and Pt/Rh ratio about 100 years
ago [8]. From time to time the emf of thermocouples is
updated according to the current version of tempera-
ture scale (now ITS-90). There are two ways for the
representation of the emf: tables and polynomials. To
test the results of this work, we chose the tables and
polynomials of NIST (the National Institute of Stan-
dards and Technology, USA) by two reasons. First, the
NIST pays much attention to the calibration of
DSCs [9]. Second, the polynomials are available for
free in the www (http://srdata.nist.gov/its90/main/), to-
gether with the tables.

There are two points that we should take into
consideration prior to the tests. First, all NIST poly-
nomials are used with degrees Celsius (¢, °C), but the
thermodynamic model was developed for kelvins
(T, K). Second, the reference junction of a thermocou-
ple for the NIST polynomials is to be at 273.15 K
(0°C), but at 0 K (-273.15°C) for the thermodynamic
model. This produces a constant difference between
the emf values evaluated after the polynomials and
Eq. (37). To adapt the thermodynamic model to the
form similar to the NIST polynomials, one should
‘place’ the reference junction at 273.15 K. It means
that the voltage from 7=273.15 K (constant value)
must be subtracted from the voltage at temperature 7
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AU(T)—AU(273.15)=8{T—®v ln(1+Tﬂ—

v
—£,[27315-0,, ln(l + 27315 H =
C)

A%

=g, [(T —27315)] -
‘ L Oy +27315 +(T —273.15)} ~

(43)

—€,| 0y 1

—e,lt-0, Inf1+—_||=AU()
®, +27315

One can use AU(?) here, because =7-273.15.
Equation (43) can be compared directly with the
NIST polynomials for the emf. As for the sensitivity
of a thermocouple, it is not necessary to adapt
Eq. (38), because (7) is the derivative of AU with re-
spect to temperature, and the addition or subtraction
of a constant vanishes after differentiation. To com-
pare g(7) calculated after Eq. (38) and NIST polyno-
mials with one another, suffice it to plot them against
the single temperature scale.

Thermodynamic theory of the emf was devel-
oped under the assumption that the temperature is
very low as compared with ®v. For the test, we should
choose a thermocouple with the data available for low
temperatures but with the greatest value of ®y. Equa-
tion (43) allows us to estimate ®y for the thermocou-
ple working at low temperatures. Thermocouples
used in the testing are listed in Table 1. Four
thermocouples (types E, K, N, T) are tabulated start-
ing from —270°C. Polynomials for the temperature
range of —270-0°C are available for each of them. We
used Eq. (43) for the calculation of ®y, with
AU(=-270) taken from the tables. The results are in
Table 1. For thermocouples J, R and S, the tempera-
ture intervals were of —210—(+90), —50—(+250) and
—50—(+250)°C, respectively. The greatest value of Oy
is for thermocouple S (4180 K) and the least for E
(159 K). For the test, we need a thermocouple with
the least value of Ti,n/©®vy, Where T, 18 the low-tem-
perature limit of a polynomial or/and table. The val-
ues of Tpnin/®y are also listed in Table 1. Thermocou-
ple N with of 7,,,;,/®y=0.006 is the best choise.

Experimental (NIST polynomial) and theoretical
(Eq. (43)) functions AU(f) are shown in Fig. 2a. Two
functions agree well with one another. Two lines on the
figure are too close, overlapping with one another, and
the difference AU,o—AUseor is plotted especially to
show it on an enlarged scale. The values of AU(?) in-
crease from —270 to 0°C by about 4.5 mV, but the differ-
ence between experimental and theoretical functions is
less than 0.05 mV. Theoretical and experimental func-
tions g(7) are shown in Fig. 2b. One may conclude that

@, +27315
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Fig. 2 Comparison between theoretical and experimental val-
ues of the a — emf and b — sensitivity for thermocouple
type N. The difference between the theory and experi-
ment is shown vs. the right Y-axis

the theory with only one parameter (®y) fits experi-
mental values of a real thermocouple surprisingly well.

The agreement between theory and experimental
data for all NIST thermocouples is evident from
Fig. 3a. Here, the values of the sensitivity are shown
in transformed coordinates. Equation (38) can be
rewriten in the form

1 1 0,1

== 44
e g, ¢, T (44

This is the equation of a straight line

y=a+bx (45)

with x=1/T and y=1/e. ‘Low-temperature’ thermo-
couples (E, K, N and T) fit a straight line well, but R and
S do not. These thermocouples are made of Pt:(Pt—Rh)
pairs with minor changes in composition: 13% of Rh for
R and 10% for S. One more thermocouple, type B
(30% Pt-=70% Rh)—(6% Pt—94% Rh), was not used in
the test. It has an anomaly in the emf near room temper-
ature, with the sensitivity changing in sign from nega-
tive to positive: <0 for r<20°C and &>0 for ~20°C. It
evidently conflicts with the theory that predicts a con-
stant sign and steady growth of &(7).

High-temperature part of Fig. 3a is shown in
Fig. 3b. For all thermocouples except T the linearity

J. Therm. Anal. Cal., 90, 2007
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Fig. 3 Reciprocal sensitivity of thermocouples vs. reciprocal
temperature. Types of the thermocouples are indicated
by the letters. a — whole temperature interval and b — its
high-temperature part are shown separately to demon-
strate the deviation of the experimental data from the
theoretical relationship at high temperatures

does not hold. Moreover, for all thermocouples (ex-
cept T again) the &(7) function is not monotonous, in-
creasing and then decreasing. The temperature of the
maximum differ for different thermocouples. For ex-
ample, the maximum is at 525°C for thermocouple
type E, 800°C for J, and 1350°C for R.

We cannot explain the reason why the linearity is
violated and why there is the change in sign of the
sensitivity for thermocouple B. Probably, this is the
result of complex topology of the Fermi surface. It is
well known that the density of states p(E) near the
Fermi energy for metals is not described by a sphere
with S~E', in fact, but by quite complicated surface
that has been the subject of much investigation for
many metals. For low-temperature emf, it does not
matter what the surface is exactly, for it participates in
the calculations as a factor (Eq. (14)). But at high tem-
peratures it starts to affect the concentration of free
electrons N, .
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Conclusions

The thermodynamic model for the electromotive
force in a thermocouple has been developed on the
basis of the Gibbs energy. Contrary to the dynamic
models of the emf, the new model predicts that the
sensitivity of a thermocouple changes non-linearly
with temperature. The model contains only two pa-
rameters. The first one (&) is the universal constant
characterizing the limiting value of the thermocouple
sensitivity. The second one (®y) is a characteristics of
a particular thermocouple. Thermocouples with a
high sensitivity at low temperatures have small @y
values. In turn, ®y depends on the difference in the
electronic heat capacity coefficients (y,—y,) of two
metals in the thermocouple.

The thermodynamic model agrees well with the
experimental data for low temperatures. Together with
the recent theory of the relationship between the calibra-
tion coefficient of a DSC and the sensitivity of the ther-
mocouple which the sensor is made of, the model re-
ported in this work forms the complete theory of calori-
metric measurements by using thermocouple sensors.

Appendix

Dynamic models for the evaluation of the
electromotive force

The Drude theory considers the electrons in a metal as an ideal
gas. The energy of gas particles (electrons) depends on the tem-
perature according to conventional relationship

2
my

E=3/2nk,T =n 5

(A1)

where 7 is the number of particles, m is their mass, and v is the
velocity. Heat capacity of the ideal gas is

c\,ﬂ = 3/2nkg
dr

(A2)

If there is a gradient of the temperature in a metal, there is
a flow of the electrons with the increased velocity, directed to-
ward the low temperature (say along the x-axis). The tempera-
ture gradient produces a drift with the average velocity of

v=f1:iv—X2
Vo el 2

where 1 is the time between collisions of particles (relaxation
time) and v_ is the square of the velocity along axis x,

(A3)

vi=1/3V (A4)
Equation (A3) can be rewritten as
Td (v
= ———| —|-gradT A5
v 3 dT( 2J gr (A5)
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This drift will result in the changes in the density of elec-
trons. This, in turn, will produce an electric gradient in the op-
posite direction with the counter-drift

E
vy =" (A6)
m
where E is the electrostatic intensity. In equilibrium, the drifts
compensate each other, and from the equality

v d [V ekt
wHeg=0; ———| — |-grad7 = — A7
v 3dT(2j & m A7
we have
1 d({m?
-_ - = .oradT A8
3edT[ 2 j & (A9

Taking into consideration Eq. (A1), we receive

1 d (E 1
E-—— %[ 2] gradT = —c gradT(A9
SedT[nj gra 3encvgra (A9)

and using Eq. (A2) for the heat capacity

E= 7£gradT (A10)
2e
As
AU=[Edx (A1)
and
AT=[gradTdx (A12)
Equation (A10) is equivalent to
kB
AU=—-—=AT (A13)
2e

Thus, the final equation for the coefficient between AU
and AT is
kB

g=—-5

= (A14)

The Drude theory was developed in the pre-quantum pe-
riod, when the heat capacity was considered to be constant and
multiple to 1/2R (one degree of freedom). Quantum theory has
introduced the correction into the energy of electrons. Now it is
evaluated by using the Fermi-—Dirac statistics f{£) and the den-
sity of states p(E):

<E>= TEp(E) F(E)E (A15)

Such an integral is calculated conventionally using the
Sommerfeld expansion:

[HE) f(E)E =
e (A16)
d2n—l
dEZn—l

— [ HENE+ Ya, TV H (E),,

where coefficients
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© x2n d 1 1
“- [L (2n)!(_$ ¢+ de - (Z_WJQ(Z") &l17)

here, &(n) is the Riemann zeta-function. Following these evalu-
ations, for the energy of electrons we have

< E>= [ Ep(E) f(E)E =
0 (A18)
E¢ 1'[2
= IEP(E)dE+ ?(kBT)Z[EfP'(Ef)Jr p(E)]+ O (kT
0
Only the first term of the expansion is shown, and the rest

are negligible. The energy of electrons depends on temperature
as follows

2
E=Ey+ 7TV p(E) (A19)
and heat capacity is
dE n* k,T
=—=—IkTp(E;)=——2nk A20
Y% dT 3Bp(f) 2Ean ( )
for
3n
E)==— A21
P(E}) 2E, (A21)

We do not show here all the steps in the evaluation, only
those that clarify why the emf is proportional to the tempera-
ture. Now quantum heat capacity (A20) is substituted in
Eq. (A9) instead of classic one. The result is proportional to the
temperature:

(A22)

From the course of the evaluations and explanations, the
principal distinction between dynamic and thermodynamic
models becomes evident. The thermodynamic model was de-
rived from the consideration of a pair of metals. This was de-
veloped for a thermocouple (Seebeck effect). Contrary, the dy-
namic models consider only one metal. Both theories, classical
and quantum, deal, in fact, with the Thomson effect, i.e., with
the gradient of the electric charge arising in a metal under the
temperature gradient.
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